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In this essay, we revisit Dirichlet characters [1], but focusing here on non-real cases
(that is, of order exceeding 2).

Let Z¥ denote the group (under multiplication modulo n) of integers relatively
prime to n, and let C* denote the group (under ordinary multiplication) of nonzero
complex numbers. We wish to examine homomorphisms y : Z; — C* satistying
certain requirements. A Dirichlet character x is quadratic if x(k)? = 1 for every k
in Z. It is well-known that, if x # 1 is a primitive quadratic character modulo n,
then D = x(—1)n is a fundamental discriminant and

x(k) = <%) for all k € Z;,

where (D/k) is the Kronecker-Jacobi-Legendre symbol. A character x is real if and
only if it is quadratic. By the correspondence with (D/.), quadratic characters can
be said to be completely understood.

A Dirichlet character y is cubic if x(k)® = 1 for every k in Z*. Let w = (=1 +
iv/3)/2 where i is the imaginary unit. Let a + bw be a prime in the ring Z[w] of
Eisenstein-Jacobi integers with norm a? — ab + b? # 3. For any positive integer n in
Z, define the cubic residue symbol [2, 3]

n
a+bw/,

to be 0 if n is divisible by a + bw; otherwise it is the unique power w’ for 0 < j < 2
such that

n(a27ab+b2*1)/3 = wj mOd(CL + bw)

The only prime divisor of 9 is 1 — w, which has norm 3. Hence we will need an
alternative way of representing characters:

e

if n = k°mod g
otherwise

w

hn) ={
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especially in the case ¢ = 9. The first several cubic characters are

Fr(n.5) = (),

2,2
= {Lwaw y W awa170}>
n=1,...,7

Fo(n,3) = (_lg%)g)n:l = {1, 0% w,w,w? 1,0},
fg(n, 2)|n:1,..‘,9 = {1vw707w27w2707w7 170}7
fo(n,5),

f13(n’ 2) - (74Tl3w>3

9 = {1>w27 O,w,w, 07 w2> 17 0}7

goor

_ 2 2 2 2
_{]-awawaw 7]-aw y W 717w 7w7w7170}7

n=1,...,13
f13(n,6) = (71i3w)3 _ = {1,w27w27w7 1, w,w, 1,w’w27w27 170},
n=1,...,
Fio(n,2) = (2_"3w)3‘ = Lw,w e 0,0t 1L 1T e w, e w0, 1,0,
n=1,...,

Fro(n, 10) = (5f3w)3‘ L= {1,0% 0w 0w’ wl,1,wwl 1w ww, w10},
n=1,...,

f31(n,3) = (5J:L6w) 3 ‘n:1,..,,31

2 2,2 2 2 2 2
- {1,1,(»&),1,(&) awawa]-?w YW, W, W, W 7w71>17w7w y W, W,

2 2 2
w,w 717w7w7w ,1,&)71,1,0},

f31(n7 11) - (71£L6w)3‘

2 2 2
= {1,],w*, l,w,w*, w1, w,w,w,w

2 2 2
w7w717w y W ,LL),].,CU a17170}7

n=1,...,31

2 2

2 2
W, w ,1,1,(.U y W, W, W,

fa(n,2) = (741?”;) 3 ‘

_ 2,2 2 2 2 2,2
- {1,&1,&1 W, W ,1,0.) ,1,0.),1,1,0.},(4} 717w7wawaw y W, W,

2 2 2 2 2
CU,CU,].,CU awa171>w>1aw ,1,0) W, w awa170}7

n=1,...,37

fsr(n,5) = (772&)) 3 ‘

2 2 2 2 2 2 2
= {1,w,w,w,w,1,w,1,w,1,1,w,w,1,w,w,w,w,w,w

whw? Lww? 1,1,0% 1w, 1,w,w,w,w?, 1,0}

n=1,...,37

Y
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A Dirichlet character y is quartic (biquadratic) if x(k)* = 1 for every k in Z.
Let a + bi be a prime in the ring Z[i] of Gaussian integers with norm a? + 0? # 2.
For any positive integer n in Z, define the quartic (biquadratic) residue symbol [2, 3]

n
a+bi),

to be 0 if n is divisible by a + bi; otherwise it is the unique power i/ for 0 < j < 3
such that

n@ =D/ = i mod(a + bi).
The only prime divisor of 16 is 1+, which has norm 2. We will again need alternative
ways of representing characters:

7;6

hnk ={ g

if n = k°modgq,
otherwise,

¢ if n=k°modq or ¢ — n = k°modq,

ga(n, k) = { 0 otherwise,

1° if n = k°mod g or n = ¢°mod g,

hy(n,k,0,;m) =< (=1)*™  if ¢—n=m‘modg,
0 otherwise

especially in the cases ¢ = 15, 16,20 and 35. The first several non-real quartic char-
acters are

fs(n,2) = (71i2i)4

n=1,...,5

Fs(n,3) = (= 12%‘)4)71: — {1,-i,i,~1,0},

={1,41,-1,4,4,—i,—i,1,—1,—i,—1,0},

ey

,,,,,
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hie(n,11,13,9)| _, s = {1,0,—i,0,—i,0,1,0,—1,0,4,0,4,0, —1,0},

,,,,,

f17(n 3) (1 41)4‘ - {17_17i717ia_i7_i7_17_17_i> _i7i71>ia_1a170}7

f17 n, 6 (1+41)
)’n:l 20 — {17 Oa i> 07 Oa 07 _ia 07 _17 Oa _17 Oa _i7 07 07 Oa i> 07 1a 0}7
)

.....

|n:1 ..... 20 = {17 07 _i7 07 07 07 iv 07 _17 07 _]-7 07 iv 07 07 07 _iv 07 17 0}7

= {17 iv i7 _17 _17 _17 17 _iv _17 _ia i? _iv _17 i7 _i7 17 i7 _ia iv ]-7
~1,1,1,1, —i,—i, 1,0},

f20(n,8) = (—51%)4’“:
= {17 _Z.a _i7 _17 _17 _17 ]-7 Z.a _17 i? _ia ia _L _i7 Z.a 1a _i7 ia _ia 17
2, _17 ]-7 ]-7 ]-7 ia 7:7 _]-7 0}7

g3s(n, 2)]71:1 77777 35 = {1,4,4,—-1,0,-1,0,—4,—1,0,1, —4,4,0,0,1, —i, —i, 1,0,
07i7_i71707_17_i707_1707_171727170}7

935(72,, 18)|n:1 ,,,,, 35 {17 _ia _i7 _17 07 _]-> 07 i? _17 07 17 i? _i7 07 07 1a i> ia ]-7 07
07 _iv i7 17 07 _17 i7 07 _17 07 _17 _iv _ia 17 0}7

far(n,2) = (71161‘)4
- {1,@',—1,—1,—i,—z’,l,—i,1,1,—1,1,—2’,2‘,@',1,—2’,@',—2’,2’,
—1,—i,—i,q,—1,1,—1,~1,4,—1,4,4,1,1, —i, —1,0},

far(n,5) = (—17161')4’“:
= {1, -1, Lo L 11 = L =i =i L, =i, =
—1,4,4,—4,—1,1,—-1, -1, —¢,—1, —3,—3,1, 1,4, —1,0}.

We mention that [4]

# Dirichlet characters of  # solutions z in Z; of
order £ and modulus n~  the equation z‘ =1

- {17 _17 _ia 17 _iv ia i? _17 _17 ia i? _iv ]-7 _ia _]-7 17 0}7
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and thus, by Mobius inversion,

# primitive quadratic Dirichlet 6
characters of modulus < N 2

# primitive cubic Dirichlet

characters of modulus < N ~ AN,
# primitive quartic Dirichlet
characters of modulus < N ~ BN In{N),
as N — oo, where [5, 6, 7|
11v/3 2
A= V3 11 (1 — ) = 0.3170565167...,
187 p=1mod 3 p(p T 1)

71 5p — 3
B=— 1-———=_) =01 211...
— T 1T ( p2(p+1)> 0.1908767

p=1mod4
and K is the Landau-Ramanujan constant [8]. No one appears to have examined B
before.
Now define the Dirichlet L-series associated to y # 1:

Li(z) =Y x(mn==J[@=x@p)~", Re(z)>1

p

which can be made into an entire function. Special values are more complicated
for cubic/quartic characters than for quadratic characters [1]. For example, if y =
(-/(2 + 3w))s, then

L (1) = 772/3(=2 = 3w)"/? (w? In(y1) + wn(y) + In(ys))
where y; < yo < y3 are the (real) zeroes of y> — 7y + 14y — 7; if x = fo(+,2), then
(1) = ~36 (<21 (sn (3)) + e (eos () +In (sn ().
As more examples, if x = (-/(—1 — 2i))4, then
Ly (1) = 2Y/2575/4(3 4- 44) Y47,
if x = g16(+, 3), then

L (1) = —1** (iln (cot (32)) +In (tan (Z))) ;
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if x = hg(+,3,5,9), then
Ly (1) = 8712147,

See a general treatment of quartic cases in [9].

The elaborate formulas for moments of L, (1/2) over primitive quadratic charac-
ters x do not yet appear to have precise analogs for primitive cubic characters. Baier
& Young [10] proved that

SN IL(1/2) = 0 (Q°°F)

<Q x

as () — oo, for any € > 0, where the big-O constant depends on €. The inner summa-
tion is over all primitive cubic characters modulo g. As a consequence, L,(1/2) # 0
for infinitely many such y.

0.1. Cubic Twists. Given an elliptic curve E over Q with L-series

[e.o]

Lg(z) = Z cpn” 7,

n=1

the L-series obtained via twisting Lg(z) by a cubic character x is

L, (z) = Zx(n)cnn_z.

Of course, while each ¢, € Z, the coefficients x(n)c, € Z|w] need not be real. This
generalizes the sense of quadratic twists discussed in [11]; we refer to a paper of David,
Fearnley & Kisilevsky [6] for more information on such L-series.

There is a different sense of cubic twists that interests us — it is important for the
study of the family of elliptic curves F,; given by 23 + 3® = d — and features the cubic
residue symbol (d/-)s in an intriguing way. We mentioned the problem of evaluating
L, (1) for cube-free d > 2 in [11] but did not give details. By definition [12],

Lp,(2) = Z (a+bw2)(

a,beZ
a=1mod 3
b=0mod 3

— Z (a+ bw) (a +dbw2) 3(@2 —ab+b*)*

a,beZ
a=1mod3
b=0mod 3

_ H (1 _'_pl—Qz)—l. H (1 _ Cpp—z +p1—2z)—1

p=2mod 3 p=1mod3

2 2\—z
a+bw)3(a ab + b%)
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where

d d
_ 2
cp = (h+kw >(h+kw)3+(h+kw)(h+kw2>3

and p = (h+kw)(h+kw?), h = 1mod 3, k = 0mod 3. To extend to composite indices,
use the usual recurrence c,; = cpi-1¢, — pcyi-2 for j > 2, ¢; = 1 and ¢,y = ey, for
coprime integers m, n.

For d =1 and p = 1 mod 3, it is known that ¢, = ~,,, where 7, is the unique integer
o = 2mod 3 such that o? + 35% = 4p for some integer 5 = 0mod 3. Now, for d > 1
and p = 1mod3, p {d, it can be shown that ¢, is the unique integer & = 2mod 3
such that three conditions:

e a?+ 3% = 4p for some integer 3

o a=dP I3y modp
o |a] <2,/p

are simultaneously satisfied [13].

Sextic twists are required to study Bachet’s equation y? = 23 + n for arbitrary n
(the Fermat cubic problem is a special case with n = —432d? and d cube-free). Such
residue symbols are beyond us. Here is a formula for L-series coefficients ¢, in this
more general setting: when p = 3, p|n or p = 2mod 3, we have ¢, = 0; otherwise [14]

(n
o= |-
Po\p

where p = a® — ab + b* with @ = 1mod 3, b = Omod 3 and (-/-) is the Kronecker-
Jacobi-Legendre symbol. The sequence of integers for which y?> = 23 + n has zero
rank [15]:

—a—b if (4n)P"Y/3p = —amodp,

) 2a —b  if (4n)P~Y/3 = 1mod p,
2b—a  if (4n)P" V3¢ = —bmod p

vy —12,-10,-9, -8, —6, -5, —3,—1,1,4,6,7,13, 14, 16, 20, ...

deserves close attention!

0.2. Quartic Twists. Quartic twists are required to study y?> = 2% — nx for

arbitrary n (the congruent number problem is a special case with n = d* and d
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square-free [11]). Analogous to the expression for Lp,(z),

Lnl) = Y (=0 (5)

Here also is the corresponding formula for L-series coefficients ¢,: when p = 2, p|n or
p = 3mod4, we have ¢, = 0; otherwise [14]

—a  if n® /4 =1modp,
. 2(2) Joa if n®=V/4 = —1modp,
b P —b  if n®P Y4y = —gmodp
b if nP=D/4) = amod p

where p = a? + b? with @ = 3mod 4, b = 0mod 2. Again, the sequence of integers for
which y? = 2® — nx has zero rank [15]:

ey —12,-11, -10, -7, -6, -4, -2, -1,1,3,4,8,9,11, 13,18, ...

is worthy of deeper study.
As a quintic follow-on to [5, 7], we merely mention [16].
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